A major problem in the development of low-pollution combustion systems are thermo-acoustic instabilities, i.e. large-amplitude oscillations generated by a feedback between the unsteady heat release and acoustic waves. In order to develop robust control strategies, it is necessary to have a predictive model that captures the physics of the phenomenon. The aim of this paper is to present such a model for a dump combustor with a generic heat release law, and fitted at the inlet end with a perforated plate backed by a tuneable cavity. Our model leads to a simple governing equation for one acoustic mode in the combustor, and from this equation stability predictions can be made with a minimum of numerical effort. We will use it to examine the effect of various system parameters.
INTRODUCTION
Thermo-acoustic instabilities have been a major problem in the development of lowpollutant combustion systems [1] . Such instabilities occur in systems involving combustion in an acoustic resonator: heat release fluctuations act as a source of acoustic fluctuations and vice versa, and the coupled system can reach largeamplitude self-sustained oscillations. In such a case, the acoustic energy gained by the combustion-acoustic interaction exceeds the acoustic energy lost due to sound radiation, friction, etc.
It is important to be able to prevent thermo-acoustic instabilities because they can lead to catastrophic hardware damage. In order to develop control strategies, it is necessary to understand those physical effects that play a key role in such instabilities. A control strategy that has received much attention in recent years is the use of perforated plates (or liners), backed by a tuneable cavity (see e.g. [2] [3] [4] [5] ). By fitting such a device to the boundary of a thermo-acoustic system, it is possible to manipulate the acoustic energy loss at that boundary in such a way that it exceeds the acoustic energy gain, and the system then becomes stable.
The aim of this paper is to present a simple, yet accurate, analytical model for a laboratory burner controlled by a cavity-backed perforated plate at the inlet boundary, and to use this model for stability predictions under different operating conditions. We consider the burner as a combined system of acoustic resonator and flame, with longitudinal acoustic modes. Based on a Green's function approach, we will derive a governing equation for one such mode; this will turn out to be the equation of a harmonic oscillator, forced by the rate of heat release, which in turn depends on the acoustic field. It includes all relevant properties of the acoustic resonator, in particular the inlet boundary condition, and the properties of an idealised flame, such as timelag and power. Stability predictions for any operating condition can be made easily from the sign of the damping term in this governing equation.
Our analytical model can be seen as a generalisation of the Galerkin approach, which is widely used for thermoacoustic stability analyses (see e.g. [6] or [7] ). The Galerkin approach requires explicit knowledge of the eigenfunctions of the system (see [1] , chapter 13), but this is available only in a few special cases, such as a one-dimensional combustor with simple end conditions and a uniform temperature distribution. Also, the method is limited by the requirement of weak forcing. Another limitation relates to damping: this needs to be estimated from other sources and then incorporated into the equation of motion in retrospect (see e.g. [8] ). Our approach overcomes these limitations.
Moreover, our analytical model adds an extra dimension to the work by Tran et al. [2] , who investigated a tuneable tube termination comprising of a perforated plate backed by a hard-walled cavity of variable length. This group studied an unstable dump combustor with a swirl flame and applied such a termination at the inlet section of their burner. They demonstrated experimentally that by suitable choice of the cavity length, the reflection coefficient could be minimised, and that the instability could then be suppressed. The reflective behaviour of a cavity-backed perforated plate was subsequently investigated in detail by the same group [9, 10] . They found that maximum absorption is reached for the quarter-wave modes of the back-cavity. Their theoretical studies considered such a termination in isolation, i.e. the features of the acoustic resonator and those of the flame were not included. Although it is physically intuitive that maximising the energy losses at one end of the burner has a stabilising effect, it is not obvious how the complete thermo-acoustic system reacts to such a measure. For example, the acoustic energy gain, which depends very strongly on the phase between the acoustic pressure and the rate of heat release (see e.g. [11] ), is likely to be affected by a change in reflection coefficient. The present paper builds on the work by Tran et al. in that the complete thermoacoustic system, i.e. acoustic resonator and flame, is modelled analytically.
Thermo-acoustic systems are nonlinear in general. For control purposes, however, knowledge about linear stability/instability is paramount. We restrict our considerations to purely linear situations. Our method can in principle be extended to nonlinear situations, but this is beyond the scope of the present paper.
Our paper is structured as follows. The derivation of the governing equation of a single mode is shown in section 2. We will then proceed to use this equation in order to predict the stability behaviour of a specific thermo-acoustic system with tuneable inlet boundary condition, and this is shown in section 3. Our predictions will turn out to be fully in line with observations on how tuning the cavity length can stabilise the burner. Over and above that we will make predictions about the influence of parameters that characterise the flame. Conclusions will be drawn in section 4.
ANALYTICAL DESCRIPTION FOR A GENERIC DUMP COMBUSTOR 2.1. The modelled configuration
We consider a configuration, which simulates the premixed laboratory combustor studied experimentally by Tran et al. [2] . This is shown schematically in Figure 2 .1.
The outer shell is a tube with two sections: an inlet section with uniform crosssectional area A 1 and a combustion chamber with a larger, and also uniform, crosssectional area A 2 . Cold premixed gas enters the combustion chamber, where it is burnt in a compact flame and turned into hot gas. The mean temperature in the two sections is uniform: T -1 (cold) in the inlet section, and T -2 (hot) in the combustion chamber; the corresponding mean densities are ρ -1 and ρ -2 . We treat the acoustic field in the tube as one-dimensional with upstream and downstream travelling waves in each section. This is justified, given that the diameter of each section is of the order of 0.1 m, whereas the acoustic wavelength is of the order of 1 m. We ignore the geometrical complications due to the two-stage injection system. The tube is orientated along the x -axis, as shown in Figure 2 .1. The upstream end at x = 0 and the downstream end at x = L are described by pressure reflection coefficients R 0 and R L , respectively. The interface, where the cross-sectional area and mean temperature jump, is situated at x = l. The speed of sound is uniform on either side of the interface, where it jumps from c 1 to c 2 .
Our theoretical study is based on a Green's function approach and will involve the following steps: (1) Calculate the tailored Green's function for the acoustic waves in the tube. 
The tailored Green's function
The Green's function G(x, xЈ, t-tЈ) is the response observed at position x and time t by a point source at position xЈ firing an impulse at time tЈ . Its governing equation is
where c is the speed of sound (equal to c 1 and c 2 in the cold and hot region, respectively). The tailored Green's function is the solution of (2.1), which satisfies the same conditions at the boundaries and interface as the acoustic field. We choose the Green's function to be a velocity potential and calculate it for the case, where the impulsive source is situated in the combustion chamber, i.e. between x = l and x = L. The frequency-domain equivalent of (1) This is a superposition of upstream and downstream travelling waves (see Figure  2. 2) with wave numbers k 1 = ω/c 1 and k 2 = ω/c 2 , respectively in the inlet region and combustion chamber. a + , a -, b + , b -, c + , c -are (complex) velocity potential amplitudes, which need to be determined. Two equations for these amplitudes come from the boundary conditions: 
Analysis and control of an unstable mode in a combustor with tuneable end condition The remaining two equations come from the requirement that Ĝ satisfies the governing equation (2.2). Extracting the required equations from (2.2) involves mathematical manipulations (shown in Appendix A), and the result is 
( ) With (2.4), (2.5), (2.13) and (2.14), we have a set of four homogeneous equations. Nontrivial solutions only exist if the 4 × 4 determinant of the set is zero. This leads to a nonlinear equation for the (complex) eigenfrequencies ω,
where F is the same function as that defined in (2.11). The solutions are denoted by ω n .
The time-domain Green's function is related to its frequency-domain counterpart by Fourier transform, (2.16) Ĝ (x, x′, ω) has singularities at the eigenfrequencies ω n , and this makes it possible to evaluate the integral in (2.16) with the residue theorem. The evaluation is done in two steps (see e.g. appendix B.3 in [12] ): (1) for t < t′, i.e. before the impact, the integral turns out to be zero; (2) for t >t′, i.e. after the impact, the integral turns out to be a superposition of modes with given amplitudes. The two results can be combined with the Heaviside function H(t-t′) and written as
. 
where n is the mode number, and ω n is the eigenfrequency of mode n. The Green's function amplitude has numerator ĝ, which is (2.18) and the term F′ in the denominator is the derivative of F with respect to ω.
Governing equation for a single mode driven by a compact heat source
We now consider the burner with a heat source inside it. Based on the tailored Green's function, we will derive a governing integral equation for the acoustic field inside it, and subsequently a governing differential equation. The mathematical steps involved are lengthy and are shown in detail in Appendix B. Here we just give a summary of the key steps.
The heat source has a fluctuating global rate of heat release Q(t). The corresponding local rate of heat release is denoted by q(x, t) and represents the rate of heat release per unit mass of premix. The global and local heat release rate are related by Q(t) = ∫ q(x, t) dm; dm is an infinitesimal mass, which can be expressed in terms of the density ρ and the infinitesimal volume dV by dm = ρdV. Our heat source is concentrated at a point x q as shown in Figure 2 .3.
We model it as a point source with time dependence q(t), i.e. by (2. 19)
The local rate of heat release appears as the forcing term in the acoustic analogy equation, which for the velocity potential φ is ([1], chapter 13) We now consider only a single mode, say mode n, and disregard all the others. This is equivalent to dropping the summation sign in equation (2.23), which then reduces to (2.25) This integral equation for u(t) can be turned into a differential equation by repeated differentiation with respect to t. The result is
where G * n is the complex conjugate of G n . (2.26) is the governing equation for the acoustic velocity of mode n in the tube driven by a compact fluctuating heat source. The terms on the left hand side describe a damped harmonic oscillator. The right hand side is the forcing term, and it contains the fluctuating rate of heat release q(t) and its time derivative q . (t). In the absence of forcing, the solution is proportional to e -i(Reωn + i Imωn) , and as expected, this is identical with the time history of mode n of the tailored Green's function. It is possible to extend our analysis from a single mode to two or more modes. This would lead to higher-order differential equations, e.g. 4th-order for two modes, 6th-order for three modes, etc. However, this is outside the scope of the present paper.
Stability analysis
We now aim to investigate the stability behaviour of mode n, based on the governing equation (2.26 ). This requires further information about the local heat release rate q(t). We assume a generic heat release law with a time-lag τ,
which is an extension of the nτ-law in that it also contains the instantaneous velocity u(t). n 1 and n 0 are nondimensional coefficients of the order 1. By suitable choice of n 1 and n 0 , the flame transfer function (FTF) corresponding to (2.27) is equal to 1 at zero frequency and displays excess gain in a certain frequency band. It matches the measured FTF in some premixed laboratory burners very well (see e.g. [12] and [13] ), except at high frequencies. α is the factor that relates the local and global rate of heat release, and it is a measure for the power of the burner. From [14], (2.28) where Q -is the global mean heat release rate, and u -, ρ -, A are respectively the mean flow velocity, gas density, cross-sectional area, in the combustion chamber. With the heat release law (2.27), the governing equation (2.26) can be written purely in terms of the velocity u, (2.29) This could in principle be solved by a standard stability analysis, which involves deriving the characteristic equation and solving that for the complex eigenfrequencies.
However, this approach gives little insight into the role that certain parameters might play in the stability behaviour of the burner. We use an alternative approach here, which involves the method of multiple scales. This is described in detail in Appendix C; here we just summarize the key steps.
We write (2.29) in terms of a nondimensional time, (2.30a, b) and this leads to ω has order of magnitude 1. The other parameters are much smaller, typically of order of magnitude 10 -2 . ε ( which is a measure for the damping of the unforced system, see equ. (2.26)) will be used as the "small parameter" in the method of multiple scales. In order to implement this method, we put (2.36a) (2.36b) and expand u(t) in powers of ε We call the real part of the exponent in (2.40b) δ,
This is a growth rate and hence an indicator for the stability behaviour: 
Written in terms of dimensional quantities, δ is (2.44)
The first term on the right represents the growth rate of the combustor with no fluctuating heat release rate. This term is always negative. The second term on the right includes the properties of the heat release law (2.27) (i.e. τ, n 0 , n 1 , α). This term can be negative or positive, depending on the system parameters. If it is positive, it is destabilising, and if it is large enough to exceed the first term, the growth rate δ will become positive and describe an instability.
We now have an explicit expression for the growth rate in terms of all parameters in our model. Numerical values can be obtained rapidly and in a straightforward way. This is preferable to solving an implicit equation (the characteristic equation) which we would have encountered had we used a standard stability analysis.
STABILITY PREDICTIONS FOR A TUNEABLE COMBUSTOR 3.1. Tran's combustor with tuneable end condition
Tran et al. [2] considered a dump combustor with a tuneable end condition involving a perforated plate backed by a cavity of variable length. This is shown schematically in Figure 3 .1.
The perforated plate (at x = 0) has square array of perforations of radius a and spacing d. It is traversed by a bias flow with velocity U. The back-cavity is terminated by a rigid piston, which can be pushed along the x-axis to vary the cavity length ∆. A pressure wave, which approaches the perforated plate from the inlet section is partly reflected The curves undergo large fluctuations in |R 0 |. For ∆ = 0, |R 0 | has a maximum with value 1; this is expected because for zero cavity length, the end behaves like a rigid plate. With increasing ∆, |R 0 | decreases and reaches a minimum with a very low value close to zero. At this point, the end at x = 0 is virtually non-reflective, and the cavity operates as a quarter-wave resonator (see also [9] , where the same effect was observed). The minimum value of |R 0 | depends on the properties of the perforated plate. If ∆ is increased further, |R 0 | rises to another maximum with value 1, and then drops to another minimum with a value close to zero (at this point, the cavity operates as a quarter-wave resonator), and so on. Given that the end becomes virtually non-reflecting at certain cavity lengths, back-cavity tuning offers a promising solution to control thermoacoustic instabilities.
Theoretical model for Tran's combustor
We consider their combustor as an acoustic resonator, shaped like a dump combustor, which has a fundamental mode of frequency 272 Hz. Their flame was a swirl flame, but the heat release law for that is not available. Instead, we assume that the heat release rate can be modelled by the time-lag law (2.27), since a swirl flame involves convected vortex structures, that tend to give rise to a time-lag (see e.g. [17] ). We incorporate the perforated plate with back-cavity into our model by describing the upstream end at x = 0 by the reflection coefficient (3.4).
Listed below are the numerical values of the parameters used in our simulations. The resonator dimensions were estimated from Figure 1 in [2] ; the dimensions of the perforated plate are exact. For the mean temperature, we assumed room temperature in the inlet section, and 1288 K in the combustion chamber; that way, the resonance frequency of the uncontrolled case (rigid plate at the upstream end x = 0 ) was made to agree with the measured value of 272 Hz. of instability. As Q -increases, this unstable region grows, and a second unstable region appears on the right edge of the map. A typical case is shown in Figure 3 .4, where Q -= 20 kW. As Q -increases further, the two unstable regions grow towards each other, and eventually, they join up as shown in Figure 3 .5, where Q -= 30 kW. Beyond 30 kW, the picture barely changes; the map in Figure 3 .5 is representative for heater powers larger than 30 kW. We will now discuss these results in the light of our finding of section 3.1, which suggests that one can control an instability by back-cavity tuning. The optimal cavity length is a quarter wavelength, which is 0.31 m for the case considered here (frequency of unstable mode: 272 Hz, speed of sound: 342 m/s). At this cavity length, stability is achievable for powers below about 25 kW. Above that power, there are time-lags for which stability cannot be achieved. Such a case can be seen in Figure 3 .5, where the instability region spans the full range of cavity lengths.
Our findings can also be explained in terms of the acoustic energy balance: During a thermoacoustic instability, the acoustic energy gained from the flame exceeds the energy lost at the combustor ends. By adding a cavity-backed perforated plate at one combustor end, the acoustic energy loss at that end can be manipulated and greatly enhanced by choosing a cavity length that makes the end non-reflective. In such a case, acoustic energy is transferred from the combustor to the back-cavity, and there it is no longer able to contribute to the thermoacoustic feedback, which originally drove the instability. As a consequence, the combined system (combustor and backcavity) is stable. 
Comparison with earlier results
The robustness of this technique was examined by Scarpato et al. [9] , who studied a cavity-backed perforated plate in isolation. They found that the absorption bandwidth around the peak frequency is very large. This is in line with our predictions, which indicate that (unless the power of the flame is quite large) stability is achieved for a wide range of cavity length values centred around the optimal cavity length. Also, our predictions are in line with the experimental observations reported by Tran et al. [2] . In their laboratory burner the fundamental mode was unstable at 272 Hz, and the instability was controlled if the cavity length was ∆ = 0.28 m. This is quite similar to our optimal value of ∆ = 0.31 m; the slight discrepancy is probably due to the simplifications we made to the geometry of the combustor.
Unfortunately, there is no information in [2] about the power or the FTF of Tran's set-up, so our comparison between theoretical and experimental results cannot be taken further. More experimental data is required for a credible validation of our model.
CONCLUSIONS
We derived the governing equation for a single mode in a dump combustor, which could then be analysed with a minimum of numerical effort to predict the stability of that mode. Included in our model are -the acoustic properties of the resonant chamber -the coupling between chamber acoustics and heat release rate -a tuneable termination of the inlet chamber. We applied our model to a specific thermo-acoustic system, which was fitted with a tuneable termination of the inlet chamber in order to control the single (unstable) mode in this system. Our predictions agree with the experimental observation that stability is achieved for a wide range of tuning parameters.
The predictive capability of our model goes beyond the back-cavity tuning. In also includes parameters that characterise the flame. This is an improvement on earlier analytical studies as these ignore the flame. We found that the flame does have an effect on the robustness of the control system. While deviations from the optimal cavity length do not matter much if the burner power is low, the robustness deteriorates as the burner power increases. Also, the time-lag in the heat release law determines if control can be achieved. 
When substituting this into (2.2), several terms cancel, and the remaining terms can be grouped into those with factor δ(x-x′) and those with factor δ′(x-x′),
Equating the coefficients of δ(x-x′) and δ′(x-x′) on either side of (A.5) gives two equations; by adding and then subtracting these, two equivalent, simpler equations are obtained, which are identical to (2.8) and (2.9) in the main text.
APPENDIX B: DERIVATION OF THE GOVERNING EQUATIONS B.1. Integral equation for the acoustic velocity
Our aim is to derive an integral equation from the governing PDE for the Green's function G(x, x′, t-t′), equ. (2.1), and from the acoustic analogy equation (2.20) for the velocity potential φ(x, t).
We assume that the initial conditions are zero, (B.1a,b) and note that boundary conditions described by a reflection coefficient, as in (2.4) and (2.5), are homogeneous, i.e.
(B.2a,b)
, , For a compact flame with heat release rate (2.19), this simplifies to
(zero initial conditions) (homogeneous boundary con nditions)
Equation (B.7) can be written for the velocity u at the flame by differentiating with respect to x, evaluating at x = x q and using (B.8)
The Green's function is given by (2.17), with H(t-t′) = 1 throughout the integration range, and its derivative is with the velocity amplitudes G n as given by (2.24) in the main text.
B.2. Differential equation for the acoustic velocity (single mode)
Our aim is to convert the integral equation In order to convert this into a differential equation, we follow the method described on p. 127 in [18] . This involves differentiation with respect to t, which appears not only in the integrand, but also in the integration limit in (2.27) (see e.g. p. 349 in [19] ).
u t x t x x x q ( ) ( The general idea now is to find an explicit expression for I n , which can then be substituted into (B.14b) to give a second-order differential equation for u(t). To this end, we multiply (B.14a) by (iω n ) and (B.12) by (ω n ω n * ), and add the resulting equations to get The right hand side of this ODE represents forcing at the resonance frequency. In order to avoid resonant solutions, this forcing term needs to be zero. This condition gives a 1st-order ODE for A(t 1 
